From the analysis of the near horizon geometry and supersymmetry algebra it has been argued that all the microstates of single centered BPS black holes with four unbroken supersymmetries carry zero angular momentum in the region of the moduli space where the black hole description is valid. A stronger form of the conjecture would be that the result holds for any sufficiently generic point in the moduli space. In this paper we set out to test this conjecture for a class of black hole microstates in type II string theory on T 6 , represented by four stacks of D-branes wrapped on various cycles of T 6 . For this system the above conjecture translates to the statement that the moduli space of classical vacua must be a collection of points. Explicit analysis of systems carrying a low number of D-branes supports this conjecture.
hole microstates is normally done in a regime that is different from the regime in which the black hole description is valid, it is difficult to test this conjecture directly. Indirect tests of this have been performed by examining the BPS index -given by number of states weighted by (−1) 2J 3 after factoring out the goldstino fermion zero mode contributions -which is expected to be independent of the moduli. On the black hole side if all the microstates carry zero angular momentum, then the BPS index will be positive. This implies that on the microscopic side also we must always have positive index. This has been tested in many examples [3, 4] , and so far no counterexample has been found, even though the microscopic counting typically gives states carrying different angular momenta (even after factoring out the the goldstino zero mode contribution), some of which give positive contribution to the index and others give negative contribution.
If this conjecture is correct, then one might wonder at what point in the moduli space does the spectrum of BPS states change from having various different angular momenta to only zero angular momentum? A natural conjecture -which we shall call the strong form of the zero angular momentum conjecture -will be that this happens at any sufficiently generic point in the moduli space, even in regions where the system is weakly coupled and the microscopic description is valid. This is not in direct conflict with the results for the microscopic spectrum described at the end of the previous paragraph, since typically the microscopic spectrum is computed not only by setting the string coupling to be weak, but also by setting several other moduli to special values where the quantum mechanics describing the microstates simplifies.
A possible complication in testing this conjecture is that it refers to the microstates of single centered black holes. Even in regions where the black hole description is valid, typically there are multi-centered BPS black hole configurations contributing to this index, and these typically carry non-zero angular momentum. In N = 2 supersymmetric theories in 3+1 dimensions the contribution from the multi-centered black holes is very complicated [5] and it is not easy to disentangle it from the contribution from single centered black holes, although some progress has been made on this front [6] . In this context the results of [7] [8] [9] [10] [11] can be taken as providing partial support to this conjecture. The situation is somewhat better in N = 4 supersymmetric theories where the contribution from multi-centered black holes are better understood [12] [13] [14] [15] . But the situation is best for N = 8 supersymmetric theories, where for the charge configuration of the kind for which we have black holes, there is no contribution to the index from multia further qualification is needed -the black hole microstates are singlets under one of the two SU (2)'s-the one that forms a subgroup of the SU (1, 1|2) supergroup describing symmetries of the near horizon geometry. This complication will not affect our analysis since we shall focus on black holes in 3+1 dimensions.
centered black holes [16] and in fact all multi-centered BPS states are expected to disappear at a generic point in the moduli space. Therefore in this case the strong form of the conjecture will imply that at a generic point in the moduli space, all the microstates must carry zero angular momentum. In a previous paper [17] we began to test this conjecture by considering a system of four stacks of D-branes in type II string theory of T 6 . If we denote by x 4 , . . . , x 9 the coordinates along T 6 , then in an appropriate duality frame the general system considered in [17] can be represented as N 1 D2-branes wrapped along the 4-5 directions, N 2 D2-branes wrapped along the 6-7 directions, N 3 D2-branes wrapped along the 8-9 directions and N 4 D6-branes wrapped along the 4-5-6-7-8-9 directions. We keep the moduli sufficiently generic by switching on generic values of the constant metric and NS-NS 2-form background along T 6 . The low energy dynamics of the system was shown to describe a specific quantum mechanical system, obtained from the dimensional reduction of an N = 1 supersymmetric field theory in 3+1 dimensions to 0+1 dimensions. The moduli space describing the classical supersymmetric solutions 2 corresponds to gauge inequivalent solutions to the F-and D-term constraints of the theory, and the quantum BPS states are given by harmonic forms on this moduli space [18] . By considering the simplest system in which we have one D-brane in each of the four stacks, it was found that except for trivial flat directions associated with translation along the non-compact directions as well as along T 6 and dual T 6 , the moduli space is a collection of 12 points. The quantization of the translational zero modes produces states carrying different momenta along the non-compact directions and along T 6 and also different fundamental string winding charges along T 6 . Once these quantum numbers are fixed we get a unique state from quantization of the bosonic zero modes. The fermionic partners of these bosonic zero modes are the 28 goldstino fermion zero modes, whose quantization produces the basic BPS supermultiplet. The fact that after factoring out the zero mode contributions the moduli space becomes a collection of isolated points shows that the BPS ground state associated with each solution is unique, and hence must be singlets of the SU(2) rotation group. 3 The 12 isolated configurations then lead to 12 BPS states, each carrying zero angular momentum. This is consistent with the strong conjecture stated above. This also shows that the BPS index of this system is 12. This is in perfect agreement with the result of the computation of the index for the same system in a dual description [20, 21] .
2 This should not be confused with the moduli space describing background closed string fields which are kept at generic values. 3 A similar result for the D0-D4 system was found in [19] .
In this paper we extend the analysis of [17] to the cases where the number of D6-branes in the stack is 2 or 3. Again we find that for generic constant background values of metric and NS-NS 2-form fields, the moduli space of classical supersymmetric configurations consists of a discrete set of points after factoring out the zero mode contribution. This in turn shows that after factoring out the basic BPS supermultiplet we are left with a set of singlet representations of the SU(2) rotation group: 56 for the case of 2 D6-branes and 208 for the case of 3 D6-branes. This is again consistent with the strong form of the conjecture stated above. Furthermore since all states are SU(2) singlets, the BPS indices associated with these states are also given by 56 and 208, respectively. This agrees precisely with the index computed in a dual description [21] .
However in [21] the counting was carried out at a non-generic point in the moduli space, and the spectrum contained BPS states carrying different angular momenta. The index was the final result after imperfect cancellation between contributions from bosonic and fermionic states. In contrast here all states carry zero angular momentum and give positive contribution to the index.
The rest of the paper is organized as follows. In §2 we describe the system under study, and review the results of [17] for the supersymmetric quantum mechanics describing the low energy dynamics of this system. In §3 we describe in detail the steps we follow for counting the number of BPS states consisting of a system of one D2-brane along 4-5 directions, one D2-brane along 6-7 directions, one D2-brane along 8-9 directions and one D6-brane along 4-5-6-7-8-9 directions. In §4 we describe the analysis for a system consisting of one D2-brane along 4-5 directions, one D2-brane along 6-7 directions, one D2-brane along 8-9 directions and two D6-branes along 4-5-6-7-8-9 directions. In §5 we briefly describe the analysis for three D6-branes along 4-5-6-7-8-9 directions, leaving the number of D2-branes unchanged. We conclude in §6 with a discussion on the possible implications of our results in general, and in particular for the fuzzball program. In appendix A we carefully fix the signs and normalizations of various terms in the superpotential -the analysis of [17] was insensitive to these choices but they seem to be relevant for analyzing the general case with multiple D-branes in one or more stacks. In this we fix the normalization by explicit string theory computation and the signs by various symmetry requirements. We are however left with a twofold ambiguity in the choice of sign, only one of which yields the correct answer in different cases we have studied. While a careful string theory computation should be able to resolve this ambiguity, we have not done this. In appendix B we give explicit results for the 56 solutions in the special case when one of the stacks contains two D-branes with the other stacks containing one D-brane each.
The system
We consider type IIA string theory on T 6 labelled by the coordinates x 4 , . . . , x 9 and in this theory we take a system containing one D2-brane wrapped along 4-5 directions, one D2-brane wrapped along 6-7 directions, one D2-brane wrapped along 8-9 directions and N D6-branes wrapped along 4-5-6-7-8-9 directions, where N takes values 1, 2 and 3. 4 As in [17] we shall work at a generic point in the moduli space at which constant metric and 2-form backgrounds are turned on along T 6 . The supersymmetric quantum mechanics describing this system was the D2-brane. On the other hand the diagonal elements of Φ i 's and Z (kℓ) 's transform as scalars.
The potential involving these fields receives contributions from several sources. First of all we have several terms in the superpotential. 6 They are given by [17] 
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2) 6 The superpotential may contain other terms, e.g. terms quartic in Z (kℓ) 's. However if we consider the limit when all the c (kℓ) 's and c (k) 's are small, say of order λ for some small parameter λ, then the solutions to the F-and D-term equations occur at
In this limit the effect of the other terms in the superpotential can be ignored. This limit also allows us to ignore the fact that the Φ (k) i fields have periodic identification.
and the parameters c (kℓ) , and so its value was not needed. However for N ≥ 2 this can no longer be done without changing the coefficient of the cubic Φ-Φ-Φ coupling. Since the result depends on the choice of this coefficient, we have fixed it from explicit string theory computation described in appendix A. Second, we have a strange sign (−1) δ k1 δ ℓ3 δ m4 in the expression for W 2 which is responsible for the minus sign in front of the Tr
term. This sign was missed in [17] but must be there for symmetry reasons. This has also been explained in appendix A. 7 In appendix A we also discuss generalization of (2.1)-(2.4) to the case where we have an arbitrary number of D-branes in each of the four stacks. The F-term potential is given by
where 6) and {ϕ α } denotes the set of all the chiral superfields.
Besides the F -term potential, there is a D-term potential given by
where N 1 = N 2 = N 3 = 1 and N 4 = N. The FI parameters c (k) are also determined from the background values of the 2-form field and satisfy
Finally the dimensional reduction of the coupling of the gauge fields (whose spatial components are denoted by X (k) i ) to chiral multiplets leads to the potential
Tr [X
(2.9)
Therefore the total potential is given by
The potential given above has a shift symmetry
where {ξ m } and {ζ k } are arbitrary complex parameters and {a i } are arbitrary real parameters.
These shift symmetries generate six complex translations along the compact directions and their duals and three real translations along the non-compact directions.
Our strategy for determining the spectrum of BPS states will be to regard the low energy dynamics of the system as the motion of a superparticle moving on the classical vacuum manifold defined by the space of V = 0 configurations, and then quantize the system and find its supersymmetric ground states. Now the shift symmetries (2.11) generate flat directions of the potential V . Quantization of the bosonic zero modes associated with these flat directions leads to a unique ground state if we restrict to the sector carrying zero momentum and winding along the internal directions and zero momentum along the non-compact directions. There are also associated fermionic zero modes describing the goldstino modes corresponding to 32 − 4 = 28 broken supersymmetries. Quantization of these fermion zero modes produces the supermultiplet describing 1/8 BPS states of N = 8 supersymmetric string theory but has no other effect on the rest of the system. The BPS spectrum is given by a tensor product of this basic supermultiplet with some (possibly reducible) representation of the rotation group SU(2). Our goal will be to determine which representation of SU (2) is tensored with the basic supermultiplet.
The information about the SU(2) representation with which the supermultiplet is tensored is contained in the character P (y) ≡ T r(y 2J 3 ) of the representation. P (y) is computed as follows. We shall show at the end of appendix A that the vanishing of V gauge given in (2.9) requires all the X (k)
i 's to vanish (up to the shift symmetry described in the last line of (2.11)). If the gauge inequivalent solutions to the V F = V D = 0 condition generate a manifold M of complex dimension d after factoring out the flat directions of the potential associated with the symmetries given in (2.11), and setting the X (k)
i 's to zero, then the BPS states of the system are in one to one correspondence with the harmonic forms on M, and the rotational SU (2) is identified with the Lefschetz SU(2) acting on these forms (see e.g. [7, 22] ). Therefore if b p denotes the p-th betti number of M and d denotes the complex dimension of M, then we
If M contains several components then we have to add up the contribution from various components to get the total P (y). The BPS index (which is the 14-th helicity trace −B 14 [23, 24] from the space-time viewpoint) is given by T r(−1) 2J 3 , with the trace running over the states with which the basic BPS supermultiplet is tensored to get the full spectrum of BPS states.
Therefore it is given by P (−1), which, according to (2.12) , is (−1) d times the Euler character of M.
The conjecture that all BPS states carry zero angular momentum now translates to the requirement that P (y) is y-independent, i.e. the subspace M consists of isolated points. In 8 Intuitively this identification can be understood as follows. Since the vacuum manifold has X (k) i = 0 for all k, i, the moduli space is spanned by the scalars. The fermionic partners of the scalars take values in the tangent space of M -in fact for each tangent vector there are two massless fermions which we can denote by ψ a and ψ a † where a labels independent tangent vectors. We can choose ψ a and ψ a † such that ψ a † has J 3 = 1/2 and ψ a has J 3 = −1/2. Now we can begin with the states annihilated by all the ψ a 's, identify them as the zero forms on M, and build the total space of states by applying ψ a † 's on this state. This space is isomorphic to the space of forms on M, and the BPS condition translates to these forms being harmonic. In this notation we see that the p-forms carry J 3 eigenvalue (p − d)/2, where the shift −d/2 is the J 3 eigenvalue of the zero forms, and is necessary to ensure that the states form a representation of SU (2). This leads to (2.12) .
this case the BPS index P (−1) is equal to the degeneracy P (1) and just counts the number of gauge inequivalent solutions to the V = 0 condition. We conclude this section by giving the expected result for the index from analysis of the spectrum in a dual description containing a D1-D5-KK monopole state carrying momentum along the common circle shared by the world-volume of the D1-brane, D5-brane and the KK monopole. Let us denote byĉ(u) the numbers appearing in the expansion
where ϑ 1 (z|τ ) and η(τ ) are respectively the odd Jacobi theta function and the Dedekind eta function. Then the expected result for the index P (−1) is [21] 9 −ĉ(4N) . (2.14)
Explicit computation gives
In the previous paper [17] we carried out the analysis for N = 1 and found 12 isolated solutions to the V = 0 equation. Using (2.14) and (2.15) we see that this is in perfect agreement with the results from the dual description. In this paper we shall carry out the computation for N = 1, 2 and 3 using a slightly different method. The reanalysis of the N = 1 case is important since the sign of the Tr Z (13) Z (34) Z (41) term in W 2 given in (2.2) differs from that used in [17] . It turns out however that the result remains unchanged.
3 Supersymmetric ground states for N = 1
Our goal is to determine the manifold M parametrizing the gauge inequivalent solutions to the equation V = 0. Since the potential is a sum of positive semi-definite terms, this in turn requires that each term in the potential vanishes separately. We shall now analyze the condition for vanishing of various terms separately. Our method differs from the one used in [17] in that in [17] we used gauge invariant combinations of variables for analyzing the F-term equations, whereas here we work in a specific gauge. While for N = 1 both approaches are equally efficient, working in a fixed gauge seems to make the analysis simpler for N ≥ 2.
F-term equations
Vanishing of the F-term contribution to the potential requires that ∂W/∂ϕ α vanishes for each
The ∂W/∂Z (kℓ) = 0 equations give
Since the superpotential has a large group of symmetries, in order to find solutions to these F-term equations we need to choose one representative from each symmetry orbit. First we use the shift symmetries (2.11) to choose
This effectively removes the flat directions associated with the shift symmetries. As discussed below (2.11), once we have made this choice, we can forget about the flat directions associated with these shift symmetries and also the fermionic superpartners of these flat directions. The information about P (y) is contained in the rest of the system of equations. Next we note that the superpotential is invariant under the complexified gauge transformation
where a k for 1 ≤ k ≤ 4 are complex numbers. Therefore solutions to the F-term equations come as orbits of this symmetry group. Using this we shall now make a convenient choice of gauge. Of the four parameters encoded in a 1 , a 2 , a 3 and a 4 , one combination does not act on the fields. Therefore only three are independent. Now, since Z (kℓ) 's for 1 ≤ k, ℓ ≤ 4 are complex numbers, (3.1) shows that neither Z (kℓ) nor Z (ℓk) can vanish as long as c (kℓ) 's are chosen to be non-zero. This allows us to fix the gauge corresponding to the transformations generated by a 1 , a 3 and a 4 by setting
We now substitute the gauge choices (3.3) and (3.5) into the F-term equations and look for solutions to these equations. For this we choose random rational values of the c (kℓ) 's for
A numerical analysis of the Hilbert series using Singular [30] and Macaulay2 [31] , treating the F-term equations as ideals of the ring, shows that the solution space is a collection of 12 points. Explicit numerical solutions in Mathematica [32] also yields precisely 12 solutions for each choice of the constants {c (kℓ) }.
D-term equations
Next we turn to solving the D-term equations. For this we recall that the F-term equations do not give isolated solutions, but give orbits of the complexified gauge group generated by the complex numbers a 1 , a 2 , a 3 and a 4 . The D-term equations only respect a subgroup of this symmetry group consisting of physical gauge transformations. Therefore for each of the solutions to the F-term equations we can examine the orbit under (3.4) and then try to determine a 1 , a 2 , a 3 and a 4 by demanding that the D-term equations are satisfied. As before, one combination of a 1 , a 2 , a 3 and a 4 does not act on the variables, and so we can restrict to transformations for which a 3 = 1. However this is not expected to fix the parameters a 1 , a 2 , a 3 and a 4 completely since a subgroup of the transformations (3.4), corresponding to physical gauge transformations, generates a symmetry of the D-term equations of motion as well. This subgroup is generated by taking the a i 's to be phases. This means that once we have found a set of a i 's that give a solution to the D-term equations, we can generate other solutions by performing U(1) 4 transformations. The effect of these transformations will be to transform the parameters a 1 , a 2 , a 3 and a 4 by
where φ k are real numbers. Therefore for finding solutions up to gauge transformations, we can use the transformations (3.6) to fix the 'gauge' for a 1 , a 2 , a 3 and a 4 . We choose a gauge in which all the a k 's are real and positive.
We now transform each of the 12 solutions to the F-term equations by (3.4) with real positive a k 's and try to determine the a k 's by solving the D-term equations. For each of the 12 cases, we find that there is a unique choice of real positive a k 's that solves the D-term equations. This shows that up to gauge transformations, there are precisely 12 solutions to the F-and D-term equations. More accurately we have 12 different gauge orbits, generated by U(1) 4 transformation, as solutions to the F-and D-term equations.
X (k) i dependent terms
Although at the end of appendix A we shall give a general argument that all X (k)
i 's must vanish up to the shift symmetry described in the last line of (2.11), we shall now verify this explicitly for this example. For this we have to demand the vanishing of the X (k) i dependent terms in the potential given in (2.9). Since vanishing of F-and D-terms is a necessary condition for a supersymmetric vacuum, the choice of Z (kℓ) 's and Φ
(k)
i 's must be restricted to the 12 solutions that we have found. Now we note that since (2.9) is a sum of positive definite terms, in order for V gauge to vanish, each term in the potential must vanish. In particular this will require
Using the result that the Z (kℓ) are non-zero, we get X
i . Using the shift symmetry given in the third line of (2.11) we can set X 
Gauss' law constraint
Finally we turn to the Gauss' law constraint. This is not a constraint on the classical configuration but on the quantum vacuum. When we dimensionally reduce the 3+1 dimensional theory to 0+1 dimensions we also get non-dynamical fields from the zeroth component of the gauge fields which we have set to zero. The equations of motion for A (k) 0 imposes the constraint that the total gauge charge carried by the state must vanish. Since for a charged complex scalar the gauge charge will involve a product of the field and its time derivative, the gauge charge will vanish for a classical solution which is time independent. But we still need to examine if the quantum ground state -which can be regarded as the ground state of a system of coupled harmonic oscillators describing small oscillations around the isolated vacua, and a set of flat directions generated by the gauge transformation -is invariant under the gauge transformation. Now as already mentioned, the solutions to the potential minimization equations generate 12 different gauge orbits. The effect of gauge transformation is to move a point in the vacuum manifold along the gauge orbit. Therefore the requirement that the quantum ground state is gauge invariant simply translates to the requirement that the ground state wave-function is independent of the coordinates along the gauge orbit. By expressing the kinetic term for each variable (Z (kℓ) 's and Φ
(k)
i 's) in terms of the collective coordinates generated by the gauge transformations we can bring the Lagrangian of the collective coordinates to that of three independent free particles (corresponding to three independent gauge transformations that act non-trivially on the fields) with compact target space and positive masses. Therefore the gauge invariant state indeed is the lowest energy state of the system. This leads us to conclude that for each of the 12 gauge orbits, the quantum ground state is invariant under gauge transformations and hence satisfies the Gauss' law constraint.
Therefore we see from (2.12) that the for N = 1 we have
The y independence of P (y) is the result of the gauge inequivalent solutions being isolated points, and is consistent with the conjecture that all the microstates carry zero angular momentum.
Supersymmetric ground states for N = 2
We shall now determine the number of supersymmetric ground states for N = 2 following the same steps as in §3.
F-term equations
Vanishing of the F-term contribution to the potential requires that ∂W/∂ϕ α vanishes for each α. The ∂W/∂Φ
As in §3, we use the shift symmetries (2.11) to choose
Next we note that the superpotential is invariant under the complexified gauge transformation
where a k for 1 ≤ k ≤ 3 are complex numbers and M is a 2 × 2 complex matrix. Therefore solutions to the F-term equations come as orbits of the symmetry group. Using this we shall now make a convenient choice of gauge. Since Z (kℓ) 's for 1 ≤ k, ℓ ≤ 3 are complex numbers the first equation in (4.1) shows that neither Z (kℓ) nor Z (ℓk) can vanish as long as c (kℓ) 's are chosen to be non-zero. This allows us to fix the gauge corresponding to the transformations generated by a 1 and a 3 by setting preserves the form of Z (14) . Since Z (24) is non-zero, we can use this residual gauge symmetry to set
There is one case where this gauge condition fails, and that is in the case when Z (24) is parallel to Z (14) to begin with. In this case the gauge symmetry described in (4.7) cannot be used to bring Z (24) to the form (4.8). We shall deal with this case separately. Once we have used a 1 , a 3
and M to fix these gauges, we cannot use a 2 any more since its action is determined in terms of the others. We now substitute the gauge choices (4.3), (4.5), (4.6) and (4.8) into the F-term equations and look for solutions to these equations. For this we choose random rational values of the c (kℓ) 's for 1 ≤ k < ℓ ≤ 4. A numerical analysis of the Hilbert series using Singular and Macaulay2, treating the F-term equations as ideals of the ring, shows that the solution space is a collection of 56 points. Explicit numerical solutions in Mathematica also yields precisely 56 solutions for each choice of the constants {c (kℓ) }.
We also explore the possibility of having solutions with Z (24) proportional to Z (14) for which the gauge choice (4.8) will be invalid. In this case the analysis of the Hilbert series shows that there are no solutions. Explicit attempts to find solutions to the F-term equations in Mathematica also gives no results. This shows that there are no solutions for which the gauge choice (4.8) breaks down.
D-term equations
The solutions to the F-term equations give orbits of the complexified gauge group generated by the complex numbers a 1 , a 2 , a 3 and the 2 × 2 complex matrix M as given in (4.4). The D-term equations only respect a subgroup of this symmetry group consisting of physical gauge transformations. Therefore for each of the solutions to the F-term equations we can examine the orbit under (4.4) and then try to determine a 1 , a 2 , a 3 and M by demanding that the D-term equations are satisfied. As before, one combination of a 1 , a 2 , a 3 and det M do not act on the variables, and so we can restrict to transformations for which det M = 1. However this is not expected to fix the parameters a 1 , a 2 , a 3 and M completely since a subgroup of the transformations (4.4), corresponding to physical gauge transformations, generates a symmetry of the D-term equations of motion as well. This subgroup is generated by taking the a i to be phases and M to be an SU(2) matrix. This means that once we have found a set of a i 's and M that give a solution to the D-term equations, we can generate other solutions by performing U(1) 3 × SU(2) transformations. The effect of these transformations will be to transform the parameters a 1 , a 2 , a 3 and M by
where the φ k are real numbers and U is an SU(2) matrix. Therefore for finding solutions up to gauge transformations, we can use the transformations (4.9) to fix the 'gauge' for a 1 , a 2 , a 3 and M. Using the transformations generated by the φ k 's we can make the a k 's real and positive. Furthermore, one can easily check that using the transformations generated by U and the constraint det M = 1, we can bring M to the form More accurately we have 56 different gauge orbits, generated by U(1) 3 ×SU(2) transformation, as solutions to the F-and D-term equations.
X (k) i dependent terms
Next we have to check if the X (k) i dependent terms in the potential given in (2.9) vanish. For each of the 56 solutions there is a simple way to make these terms vanish -we simply choose
The question we shall be interested in is: are there other configurations that make the X i 's must be restricted to the 56 solutions that we have found. We shall now argue that for each of these solutions, the X (k) i 's for 1 ≤ k ≤ 4 and 1 ≤ i ≤ 3 must vanish identically up to the shift symmetries described in the last line of (2.11). For this we turn to the potential (2.9) and note that since this is a sum of positive definite terms, in order for V gauge to vanish, each term in the potential must vanish. In particular this will require
and Z (kℓ) are numbers and hence, using the result that the Z (kℓ)
are non-zero, we get X
i . Using the shift symmetry given in the third line of (2.11) we can set X
Since we have seen that Z (4ℓ) and Z with zero eigenvalue. However as already mentioned, while examining the validity of the gauge choice (4.8) we have explicitly checked that there are no solutions to the F-term equations in which Z (14) and Z (24) are parallel to each other. This shows that our initial assumption must have been wrong, and X 
Gauss' law constraint
Finally we turn to the Gauss' law constraint. This analysis is identical to that given in §3.4 except for one difference: the collective modes associated with the SU(2) gauge transformations have a kinetic term given by that of a rigid rotator with positive definite inertia matrix instead of that of a free particle with positive mass. Positive definiteness of the inertia matrix guarantees that the ground state wave-function is independent of these collective coordinates and hence the ground state is gauge invariant. Thus the Gauss' law constraint is automatically satisfied for each of the 56 gauge orbits. Therefore we see from (2.12) that for N = 2 we have
As in §3, the y independence of P (y) is the result of the gauge inequivalent solutions being isolated points, and is consistent with the conjecture that all the microstates carry zero angular momentum. We also see from (2.14) and (2.15) that the counting in the dual description gives a BPS index 56. Thus there is perfect agreement between our result and that in the dual description.
5 Supersymmetric ground states for N = 3
The analysis of the equations for the N = 3 case proceeds similarly to that for the N = 2 case.
Up to (4.5) there is essentially no change. The gauge conditions (4.6) and (4.8) are replaced by
Such a gauge choice is always possible if initially the vectors Z (14) , Z (24) and Z (34) are linearly independent. The case where they are linearly dependent is analyzed separately and we find no solution in this sector. With the gauge choice (5.1) we find 208 distinct solutions to the set of F-term constraints. Furthermore for each of these solutions the X (k)
i 's can be shown to vanish identically using arguments identical to those given below (4.12). We have not checked explicitly that for each of these solutions we have a unique solution to the D-term constraints up to gauge transformation, but since the D-term constraints usually amount to quotienting by complexified gauge transformations, and since following arguments similar to the one given below (4.5) one can argue that none of the vectors Z (4k) and Z (k4) can vanish as a vector, one expects on general grounds that the quotient by complexified gauge transformation will give a unique solution for each solution to the F-term constraints. Therefore we conclude that in this case we have
Again the y independence of P (y) is the result of the gauge inequivalent solutions being isolated points, and is consistent with the conjecture that all the microstates carry zero angular momentum. (5.2) is in perfect agreement with the result in the dual description which, according to (2.14) and (2.15), gives P (−1) = 208.
Conclusion
In this paper we have provided evidence for the conjecture that all the microstates of single centered BPS black holes carry strictly zero momentum at a generic point in the moduli space.
This conjecture is consistent with the near horizon AdS 2 × S 2 geometry of extremal black holes, but there are no direct arguments in the microscopic theory leading to this conjecture.
Therefore the test of this conjecture provides evidence that the black hole horizon carries more information than just some average properties of the microstates. These results put a strong constraint on possible fuzzball solutions describing black hole microstates [33] [34] [35] [36] [37] . Typical fuzzball solutions are constructed at special points in the moduli space and carry states of different angular momenta. For demonstrating that they describe genuine black hole microstates, one needs to construct these solutions for generic values of the asymptotic moduli and show that the solutions so obtained carry strictly zero angular momentum.
A different approach to this problem has been suggested in [38] where one constructs solutions with asymptotic AdS 2 boundary conditions. These solutions carry strictly zero angular momentum. However these are not truly in the spirit of the fuzzball program since they exist within the near horizon geometry of the black hole instead of replacing the near horizon geometry by a smooth solution. Furthermore since these solutions have two asymptotic boundaries, they most likely describe an entangled state living on two copies of the black hole Hilbert space instead of the microstates of a single black hole [39] .
A Normalization of Z-Z-Z coupling
In this appendix we shall determine the normalizations and signs of the Z-Z-Z coupling appearing in (2.2) by analyzing respectively open string amplitudes and symmetry requirements.
The computation will be done around a background in which all the circles of T 6 are orthonormal and have radius √ α ′ . Fluctuations away from this background will be parametrized by the constants c (kℓ) and c (k) appearing in (2.3) and (2.7). Since we work in the region where these constants are small (see footnote 6), the corrections to the cubic terms in the superpotential proportional to these constants can be ignored.
The easiest way to determine a cubic term in the superpotential is to examine the Yukawa coupling between two fermions and one boson that arises from this term. For this we need to construct the vertex operators of the corresponding states and compute their three point function on the disk. We shall denote by b and c the usual diffeomorphism ghost fields, by β and γ the superconformal ghosts and by φ the scalar that arises from bosonization of the β − γ system [40] , normalized such that
up to a sign. In the matter sector, we shall combine the compact spatial coordinates into complex coordinates as the spin fields associated with the noncompact directions carrying spinor index α of SO(3, 1). We shall use standard normalizations for the fields ψ i , s i and σ i , e.g.
up to multiplicative signs and less singular additive terms. The operator products given in the last line are determined by the conformal weights of σ i , s (nc) α and their normalizations. The operator products in the first two lines can be shown to be mutually compatible by bosonizing the fermions ψ i to scalar fields φ i and using the identification
The other ingredient we need for the construction of the vertex operator is Chan-Paton factors. Since we have altogether N + 3 D-branes, the Chan-Paton factors can be taken to be (N + 3) × (N + 3) matrices. We shall choose the convention in which the first three rows and columns represent the branes 1, 2 and 3 and the last N rows and columns label the brane stack 4. In this notation, for 1 ≤ k, ℓ ≤ 3, 1 ≤ r, s ≤ N, the Chan-Paton factors for the vertex operators for Φ . In the expression for V 
Let us now calculate the three point function 6) to fix the normalization of the terms in W 4 in (2.4). Using the generalization of (A.5) we see that this is computed using the correlation function
This correlator can be factorized and evaluated using (A.1) and (A.3) as
up to a sign. This agrees with the normalization of the three point coupling of Φ (4) given in (2.4) after ignoring the overall √ 2 factor. (Since the √ 2 factor appears universally in front of all terms in the superpotential W, we can ignore this for fixing the relative normalization between different terms.)
Next we compute the Φ-Z-Z three point function. For example the Φ
3 Z (12) Z (21) coupling will be given by the coefficient of ǫ αβ in
up to a sign. In the last step we have used (A.1) and (A.3) and factorized the correlator into contributions from the ghost sector and different components of the matter sector. This is in agreement with the normalization of the Φ-Z-Z coupling given in (2.1).
Finally let us compute the Z-Z-Z three point coupling. For definiteness we focus on the Z (12) Z (23) Z (31) coupling. For this we compute
Again in the last step we have used (A.1) and (A.3) and factorized the correlator into contributions from the ghost sector and different components of the matter sector. The result is valid only up to a sign. This agrees with the normalization of the Z-Z-Z coupling in W 2 given in (2.2).
Following the same procedure we can show that the coefficients of all the Φ-Φ-Φ, Φ-Z-Z and Z-Z-Z couplings are unity up to signs. In principle these signs can be determined by careful string theory computation but we shall describe an alternative approach based on symmetry considerations. For this we consider a more general system than what has been discussed so far, containing N 1 D2-branes along 4-5 directions, N 2 D2-branes along 6-7 directions, N 3 D2-branes along 8-9 directions and N 4 D6-branes along 4-5-6-7-8-9 directions. We claim that the correct form of the superpotential, up to field redefinition, is given by
, (A.11) 24) , (A.12) 13) and
. (A.14)
This superpotential reduces to the one given in (2.1)-(2.4) for N 1 = N 2 = N 3 = 1. We shall now describe the arguments leading to (A.11)-(A.14). Finally turning to W 4 we see that the relative sign between the pair of terms inside each parenthesis is fixed by the requirement that these come from the dimensional reduction of N = 4 supersymmetric theories in 3+1 dimensions. We shall see shortly that the relative signs between the different parentheses are fixed by the symmetry under the exchange of brane stacks. This however does not fix the overall sign of W 4 leaving behind a 2-fold ambiguity. We expect that a careful string theory calculation will be able to resolve this ambiguity, but we have not done this. As we have described in the text, the choice of W 4 given in (A.14), after restriction to the case N 1 = N 2 = N 3 = 1, N 4 = N gives the results 12, 56 and 208 for the index for N = 1, 2 and 3, respectively, in agreement with the results in the dual description.
In contrast the opposite choice of sign gives the results 12, 60 and 232 for the index for the cases N = 1, 2 and 3, respectively. These do not agree with the results computed using the dual description.
What remains is to show how the exchange symmetry constrains the form of W 2 and W 4 . For this we need to examine how the exchange symmetry acts on the coefficients c (kℓ) . It was shown in [17] that the coefficients c for 1 ≤ k < ℓ ≤ 3 in order to have simple realization of different symmetries. 11 Multiplying the superpotential by an overall phase leaves the potential invariant.
On the other hand, for the choice of W 2 without the sign (−1) δ k1 δ ℓ3 δ m4 , i.e. all Z-Z-Z coupling coming with positive coefficients, this property will be lost. 12 This shows that the form of W 2
given in (A.12) is the correct one, and also fixes the relative signs between the terms in W 4 involving Φ
k and Φ
k . We now turn to the second exchange symmetry, generated by the transformation x 6 ↔ x 8 ,
and N 2 ↔ N 3 . This exchanges the second and the third D-brane stacks. (A.15) shows that under this transformation c (14) → −c (14) , c (23) → c (23) , c (12) ↔ c (13) and c (24) ↔ c (34) . We can verify that all the W i 's change sign if we accompany these transformations of c (kℓ) and N i with the following transformation on the fields:
3 ) ↔ (Φ
2 , Φ
2 ), (Φ should be interpreted as Wilson lines along the −w 2 direction on the D2-brane along the 6-7 directions and the D6-brane, respectively. This analysis also fixes the relative signs between the terms in W 4 involving Φ
k . The theory under consideration also has a symmetry that exchanges brane stacks 1 and 4, leaving the stacks 2 and 3 unchanged. This is induced by making a T-duality transformation 12 Since the c (kℓ) 's are only determined up to phases in terms of the background fields, one may wonder whether the analysis that led to the conclusion that the choice of all positive signs in W 2 is not allowed could be modified if we use c (kℓ) with different phases. To this end we note that the information that was needed to arrive at this result was that under the exchange x 4 ↔ x 6 and x 5 ↔ x 7 , c (12) remains unchanged and c (34) changes sign. These transformation laws of c (12) and c (34) do not depend on the choice of phases of the c (kℓ) 's given in (A.15). Thus our argument holds. along 6-7-8-9 directions and then performing an exchange 6 ↔ 8, 7 ↔ 9, and at the same time exchanging N 1 and N 4 . We shall use the convention that, under a T-duality transformation along the x m direction, g mn ↔ b mn to leading order in g mn and b mn for n = m . It is easy to see from (A.15) that under this exchange c (14) remains unchanged, c (23) changes sign, c (12) ↔ i c (24) and c (13) ↔ i c (34) . It can be seen that the following accompanying transformation rules of the fields take
(Φ
1 , Φ
2 ) ↔ i (Φ
3 , Φ
3 ), (Φ
This fixes the relative signs between the terms in W 4 involving Φ 
as the position of the k-th D2-brane along w i , then up to signs, i Φ All other exchange symmetries are compositions of the above three transformations and hence invariance of the potential under the former follows as a consequence of their invariance under the latter. Thus we see that the exchange symmetries together with judicious utilization of the field redefinition freedom fixes the signs of all the terms in the superpotential except for the overall sign of W 4 relative to the other terms.
The superpotential determined this way also has other desired symmetries. For example we see from (A.15) that under the transformation 12) , c (13) , c (24) and c (34) get multiplied by −i while the other c (kℓ) 's remain unchanged. It is easy to see that under this transformation the superpotential gets multiplied by an overall factor of −i, and hence leaves the potential invariant, if we transform the various fields as 20) leaving the other fields invariant.
Finally consider the world-sheet parity transformation under which the NS-NS 2-form field changes sign. This by itself is not a symmetry of type IIA string theory, but becomes a symmetry if we accompany this by the parity transformation along the non-compact directions and (−1) F L -this is simply the symmetry group by which we quotient the theory to generate orientifold 6-planes. Furthermore this transformation leaves the D6-and D2-branes invariant. We see from (A.15) that under this transformation c (kℓ) → c (kℓ) and c (k4) → −c (k4) for 1 ≤ k < ℓ ≤ 3. It is easy to see that the following transformation on the fields combined with the above leaves the superpotential invariant:
The transposition operation involved in the transformation laws is a reflection of the fact that under world-sheet parity transformation open strings change their orientation. Given the superpotential constructed above, the potential V is given by (2.5)-(2.10). The shift symmetry (2.11) generalizes to
We shall now argue that at a generic point in the moduli space, the vanishing of V gauge given in (2.9) requires all the X (k)
i 's to vanish (up to the shift symmetry described in the last line of (A.22)). To see this first note that the vanishing of V gauge requires each of the terms in i . Therefore we can take
i,m has the interpretation of the position along x i of the m-th brane in the k-th stack. Now requiring that the first two terms in (2.9) vanish we can easily see that
This gives i,m 's to be equal for any given i. Using the shift symmetry given in the last line of (A.22) we can set these to zero, showing that all the X (k) i 's can be taken to vanish. We can also see the absence of solutions with more than one group by directly analyzing the F-term equations. Let us consider for example the equations we get by setting the variation of W with respect to Φ (1) 3 and Φ (2) 3 to zero. Using (A.11)-(A.14) these equations take the form m with one leg in the first group and another leg in another group, the traces described above restrict the sum to be over the indices in the first group only. Denoting the trace with all indices in the first group by Tr 1 , we get .27) Taking the difference between the two equations we see that we must have
Repeating the analysis for other equations we get
The same analysis may be repeated for other groups, showing that the charge vector of each group must be proportional to the total charge vector. But this is impossible if the total charge vector is primitive. This shows that for primitive charge vector there are no solutions to the F-term equations with more than one group. For completeness we also give the expected number of solutions to the F-and D-term constraints from the counting in the dual description [21] . For the N i 's satisfying the restriction 28) this is given by [17 
where c(u) has been defined in (2.13) and 
